Introduction b
In a wake field accelerator a high current driving bunch injected into a structure or plasma produces intense induced fields, which are in turn used to accelerate a trailing charge or bunch. The driving bunch and the accelerated bunch may or may not follow the same path through the structure.
An important concept is the so-called transformer ratio. The driving bunch induces a retarding field within the bunch as the kinetic energy of the bunch is transformed into electromagnetic energy in the wake field. The maximum absolute value of this retarding field is denoted by E;. The transformer ratio is then R G EL/E;, where EL = E, is the maximum accelerating gradient seen by a test charge moving behind the driving bunch on the same or on a parallel path. The retarding and accelerating fields are assumed to be averaged over the length of the structure, or over one period if the structure is periodic.
In a sense, almost all accelerators are wake field accelerators. For example, in a conventional rf-driven accelerator a high current, low voltage beam induces an rf voltage in the output cavity of a klystron. The induced electromagnetic wave (the wake field) then travels through a waveguide to the accelerating structure. In this lecture, however, we consider only wake field acceleration in the conventional sense, in which a driving bunch is injected into a metallic cavity or structure.
A close relative of this type of wake field accelerator is the plasma wake field accelerator. In this device a driving bunch is injected into a plasma, setting up strong longitudinal plasma oscillations which can be used to accelerate a following bunch. The plasma wake field accelerator is treated elsewhere in these pr0ceedings.l
Basic Concepts
Consider a point charge q moving in free space with a velocity close to that of light. The electric and magnetic field lines will lie nearly in a transverse plane, with an opening angle given approximately by l/7. Suppose now that the charge moves past a perturbing metallic obstacle, which is displaced from the path of-the charge by a distance b as shown in Fig. 1 , and that it passes the point z = 0 at t = 0. Scattered radiation will tend to fill in behind an expanding spherical wavefront, traveling at the velocity of light, as shown schematically in the figure. Suppose a test particle follows the same path along the z axis as the driving charge q, but at a fixed distance s behind. At time t B (b2 + s2)/2cs, the scattered field will begin to reach the axis at position z, = .zq -s producing both longitudinal and transverse forces acting on the test particle. The intensity of the forces due to these "wake fields" is proportional to the magnitude of the driving charge. Furthermore, the wake field forces can be greatly enhanced by entirely surrounding the axis with an appropriately shaped metallic boundary.
The driving charge can in addition be a shaped charge distribution, and the test charge need not follow the same path as the driving charge.
The goal of wake field accelerator design is to adjust the structure geometry, the shape of the driving charge distribution and the paths of the driving and accelerated charges to strike an optimum balance among the following four quantities:
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El3 Wt. Given a driving bunch in which all the electrons have the same energy eVo, then
Eq. (1) states that the maximum energy that can be attained by an electron following behind the driving bunch is eRVo, assuming electrons in the driving bunch which experience the maximum retarding field are just brought to rest.
Equation (2) is the efficiency for the transfer of energy from the driving bunch to energy u per unit length of structure in the wake fields. Equation (3) is a figure of merit for the conversion of field energy per unit length into accelerating gradient.
The parameter kL scales inversely as the square of the transverse dimensions of the structure. In Eq. (4) k, is another figure of merit giving the accelerating gradient produced per unit driving charge. Note that it is inconsistent to have both a high transformer ratio and a large k,. A third loss parameter can also be defined: k, E u/q 2. The three loss parameters are related by ki = klk,. For a single rf mode Ice = k, = k,, and all three loss parameters are identically equal to the rf loss parameter as usually defined.
Let us next consider the wake fields set up by some simple metallic boundary discontinuities having cylindrical symmetry. In Fig. 2 (a) a charge moving in free space at 21 M c enters along the axis of a section of perfectly conducting pipe with infinitely thin walls. The field lines are not perturbed by the pipe in the limit 7 --) 00, either upon entering or leaving, and consequently no wake fields are produced. The situation is different for the configuration shown in Fig. 2(b) . Here it is assumed that the fields from the charge have been confined inside the pipe for z < 0. As the charge exits from the pipe at z = 0, a toroidal radiation field is set up as shown by the dashed lines. The surface charge splits into two portions, a charge &r on the outside of the pipe and a charge Q2 on the inside, with Qr + 92 equal to the driving charge Q. The initial ratio Q2/Qr can be determined by minimizing the energy in the radiation field,2 giving in this case Qr = Q2 = Q/2.
However, computer simulations on similar problems indicate that the radiation field may not be confined to a delta-function wavefront expanding at the velocity of light, but rather might be smeared out over the region behind the wavefront in a complicated way. In addition, the ratio Q2/Qr does not seem to remain Very probably, the total charge on the inside of the pipe decreases with increasing time. This seemingly simple boundary value problem has not, however, been solved analytically. It has also been argued3 that in these three cases there are no wake fields at all in the region r < a, where a is the radius of the aperture.
The situation is different for the case of Fig. 2 (f), which shows a point charge passing between two parallel metallic plates. This case is important in that two parallel planes give the same wake fields as a pillbox cavity for distances behind the driving charge such that s < so where
Here b is the cavity radius and g the gap spacing between the faces of the pillbox. In other words, if s < so the signal induced by a driving charge as it enters through the first face of the pillbox can propagate to the outer cylindrical wall, be reflected, and return to the axis to influence a trailing test charge before the test charge exits through the second face of the pillbox. The pillbox cavity is important because it can often serve as a primitive model for an accelerating structure.
The wake fields for the case of Of course, the detailed behavior of the wake fields in time and space is not the feature of main interest. What we really want to know is the net energy gain or the net transverse kick integrated through a structure for a test particle following at a fixed distance behind the driving charge, assuming that both the driving charge and the test particle are traveling at v M c. In the above expressions the position of the driving charge is assumed to be z = ct, and the wake fields are integrated in a frame of reference moving with the test particle.
As mentioned above, analytic expressions have been obtained for the wake fields (the transition radiation) generated by a point charge entering and leaving the region between two parallel metallic planes. Using the E, field component derived in Ref. 4 , K. Bane5 has carried out the integration in Eq. (5a) to obtain the delta function wake potential for this case:
Here g is the separation between the planes and IP means the integer part of the term in brackets. This function is shown in Fig. 3 . Note that the wake r" Once the wake potential for a unit point charge is known, the potential at any point within or behind an arbitrary charge distribution with line density p(s)
can be computed by
The total loss parameter k, is then obtained from
Wake Potentials for Closed Cavities and Periodic Structures
Consider a driving charge & moving at velocity v through a closed cavity with perfectly conducting walls, as shown in Fig. 4 . A test charge also moves at the same velocity, but on a path which parallel to that of the driving charge and at a longitudinal distance s behind. Our goal is to calculate the longitudinal and transverse wake potentials experienced by the test charge in the limit II M c.
For v $ c the expressions for the wake potentials are in general much more complicated and the wake potential concept is less useful.
Under certain rather general conditions, which will be spelled out in detail later , it can be shown6p7 that the longitudinal and transverse wake potentials can be written in terms of the properties of the normal modes of the charge-free cavity in a relatively simple way: The conditions under which Eqs. (9) are valid for the longitudinal and transverse wake functions are discussed in detail in Refs. 6 and 7, and are summarized in Table I . We see that if the driving charge and test particle follow different paths in a closed cavity of arbitrary shape, neither Eq. Formal expressions can indeed be written down for the non-valid cases, but the integrals are much more complicated, and the wake potentials for a given mode do not separate neatly into a product of an s-dependent factor and a factor which depends only on r.
Note that Eqs. (9a) and (9b) are related by dYL -=v,w, .
dS (12) This relation between the longitudinal and transverse wakes is sometimes termed the Panofsky-Wenzel theorem. ' It was originally derived to calculate the transverse momentum kick received by a nonperturbating charge traversing a cavity excited in a single rf mode.
The wake potential formalism, using properties of the charge-free cavity modes, makes it possible to calculate useful quantities for the charge-driven cav-
ity. An important example is the longitudinal wake potential for the case in The energy left behind in the nth mode after the driving charge has left the cavity is Un = -q Vn(O) = q2 kn .
The parameter kn is the constant of proportionality between the energy lost to the nth mode and the square of the driving charge, hence the name loss parameter or loss factor.
Note from Eq. (13) shown that this factor of two follows directly from conservation of energy.g In Sec. 4 we will show that this restriction on the transformer ratio for a point charge does not necessarily apply to an extended driving charge distribution.
A physical wake for a real cavity is a summation over many modes. Perhaps the modes might add up to produce a transformer ratio greater than two, even for a point charge. We note, however, that the wake for each mode varies with s as Wn = 2k,cos(w,s/c). At s = O+ the wakes all add in phase, and the sum of the wakes for all the modes gives a retarding potential which is exactly twice the retarding potential seen by the driving charge itself at s = 0. At any value of s where the net wake is accelerating, the cosine wakes for the individual modes can never do better than add exactly together in phase, as they do at s = O+.
n n and the transformer ratio for a real cavity with many modes, driven by a point charge, is equal to or less than two. In practice it will be considerably less than two, since the modes will never come close to adding in phase anywhere except at s = O+.
It is easy to show that Eq. (17) 1 f 11 a so 0 ows from conservation of energy.
Consider a point driving charge q1 which loses energy where (x = q2/q1 is positive. This inequality must hold for any value of CX, in particular for Q = 1 which minimizes the right-hand side, leading to R 5 2. If q1
and q2 are opposite in sign, the transformer ratio is redefined as R' = -R, (1: is replaced by -1 I C\I , and the above expression again gives R' 5 2.
If the driving charge and the accelerated charge follow different paths through the cavity, the situation becomes more complicated. We first note from Eqs. (9) and (10) 
Wake Potentials on a Collinear Path with a Charge Distribution
In the last section, the wake potentials due to a point driving charge traversing a closed cavity were considered under rather general conditions.
In this section we confine our attention to the case in which the driving charge and test particle follow the same path through a cavity or structure, but we allow the driving charge to be a distribution such that the line density is given by p(s) = I(t)/c.
The potential at time t = s/c is then t v(t) = -J 1(t') W*(t -t') dt' . Thus the leading charge in such a physically real bunch will experience no deceleration, while the trailing charge will experience the full induced voltage, or twice the average retarding voltage per particle (assuming the bunch length is short compared to the wavelengths of all modes with appreciable values of kn). The wake potential for a short charge distribution extending from t = 0 to t = T, interacting with a single mode, is illustrated in Fig. 7(a) . Within the bunch the potential is given by
where Vi is the average energy loss per particle in the distribution. be arbitrarily large, as we will see shortly.
Even for symmetric bunches in a physical structure, which has many modes, the limitation R 2 2 tends to apply. For example, It can be argued that such a structure is unphysical. On the other hand, there is no reason to believe that the two mode structure described above is not realizable.
The fi gain in transformer ratio over the single mode case is, however, quite modest.
Let us now return to the case of an asymmetric driving bunch. The wake potentials for a current ramp of length N = 2 interacting with a single mode are shown in Fig. 9(a) .
In a real structure with many modes, one might expect that the transformer ratio will be less than that given by Eq. (34). The potential excited in the SLAC structure by a current ramp with N = 2 is shown in Fig. 10 . Within the bunch the retarding potential has a behavior close to the single mode calculation,
-1 -cos wt. However, some energy goes into higher modes, as is evident by ripples on the cosine wave behind the bunch. This causes a degradation of the transformer ratio from the single mode prediction R = 27r to R = 4.86. The degradation worsens as the bunch gets longer, as can be seen in Fig. 11 .
The efficiency for energy extraction from a driving bunch extending from t = 0 to t = T in which all of the electrons have the same energy eVo = eV; is gives an efficiency of 100%. In Ref. 12 it is proven that the potential can be exactly flat only for a current distribution which consists of a delta function followed by a linear current ramp, where the proper relation exists between the value of the delta function and the slope of the current ramp. In this limit the transformer ratio is given by12
Here N = wT/27r = CT/X, and N can now take non-integer values. For large N the transformer ratio approaches R M 27rN and the efficiency approaches 100%.
The transformer ratio for the delta function alone (N + 0) is R = 1, as we know is the case for all short bunches, and the efficiency is 0.5. An approximation to this distribution, in which the wake potential is driven negative by an exponentially decaying spike and then held constant by a rising current ramp, is illustrated in Fig. 9(c) .
A third distribution of interest is a linear current ramp preceded by a quarter wavelength rectangular pulse. The response to this distribution is shown in Fig. 9(b) . The transformer ratio in the case of this "doorstep" distribution is12 l-5+27rN 
Ring Beams in Cylindrically Symmetric Structures
In this section we consider cylindrically symmetric structures excited by a beam in the form of a ring, or hollow cylinder with thin "walls". A simple case for which the beam-structure interaction can be computed analytically is the pillbox cavity having a thin azimuthal slot at radius ro, as shown in Fig. 12 .
If the slot is located near the outer perimeter of the cavity, we might expect a large transformer ratio. In qualitative terms, a driving bunch entering the cavity generates a wave packet which travels toward the axis. The volumn of the wave packet decrease roughly as r-l, and the electric and magnetic field strengths must therefore increase approximately as r -112. A second bunch can then be accelerated along the axis of the cavity. In a practical structure, the effect of the axial beam tube and the azimuthal slot on the wake potentials must be taken into account.
The advantage of a ring beam over a line beam at the same radius is that In addition, the driving bunch distribution could be shaped, as discussed in the previous section.
A wake field "transformer,"
which consists essentially of a series of pillbox cavities with a ring gap near the outer radius and a hole on the axis for the accelerated beam, has been proposed by Voss and Weiland.14,15 An experiment16J7
is in progress at DESY to test the concept by injecting an 8 MeV, 1 /.LC beam into the structure shown schematically in Fig. 13 . Also shown are the wake fields calculated at eight time steps by T. Weiland using his code TBCI.18 Note that the outer boundary of the structure has been shaped to enhance the transfer of energy into the radially propagating wake fields. After the wave reaches the axis it is reflected and travels back to the outer boundary.
There it is reflected once again, travels back to the axis, and produces a second high field pulse. This second pulse has the inverse sign and can be used to accelerate positrons. Other structures have been proposed 14J5 which do not need a hollow driving beam, for example the elliptical structure shown in Fig. 16 and the multi-beam star-transformer shown in Fig. 17 . In the elliptical geometry one makes use of the property that the peak wake potential depends on the size of the beam hole.
In the star transformer wake fields from the driving beams propagate toward the axis and combine in a straightforward manner. A transformer ratio on the order of 2N, where N is the number of driving beams, might be expected.
An experiment at Osaka Universitylg using the elliptical wake field transformer has already been performed. The computed transformer ratio in this experiment is 1.3. The deflecting wake fields for this structure have also been computed,20 and were found to be very high (-l/3 of the accelerating field).
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